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Abstract 

We present an analysis of spontaneous emission in a 3-level atom as an example of a qutrit state 
under the action of noisy quantum channels. We choose a 3-level atom with V-configuration to be the 
qutrit state. Gell-Mann matrices and a generalized Bloch vector (8-dimensional) are used to describe 
the qutrit density operator. Using the time-evolution equations of atomic variables we find the Kraus 
representation of spontaneous emission quantum channel (SE channel). Furthermore, we consider a gen- 
eralized Werner state of two qutrits and investigate the separability condition. We give similar analysis 
of spontaneous emission for qubit channels. The influence of spontaneous emission on the separability 
of Werner states for qutrit and qubit states is compared. 



1 Introduction 

Quantum engineering, teleportation and the idea of constructing quantum computers were brought into 
focus of recent, widespread, scientific research. Consequently, investigation of quantum phenomena, such 
as entanglement, has been intensified [HE]- One of the possible ways is to investigate atomic systems, 
their entanglement and behaviour under action of quantum channels. Since these might be useful, it is 
desirable to quantify the influence of channels on states separability and entanglement. The state and 
channel are very general concepts, hence we would like to focus on particular examples of a spontaneous 
emission channel involving a quantum state described by a 3-level atom. Spontaneous emission is a 
proccess that might destroy mutual entanglement. The majority of papers have been devoted to qubit 
states. It is the purpose of this paper to concentrate on a qutrit state, which has a physical realization 
in form of a three-level atom in the presence of spontaneous emission. Such a system ia an example of 
qutrit channels with noise. We compare the qutrit case with the qubit, in other words, three-level and 
two-level atoms under the action of spontaneous emission channel. 

The paper is structured as follows: we present description of (single) qutrit states (analogy to Bloch 
formalism), we choose 3-level atoms with V-configuration to be the qutrit state; equations for atomic 
evolution in presence of spontaneous emission are given, channel mathematics is presented, with focus 
on Kraus representation; Kraus operators for spontaneous emission channel (SE channel) are evaluated; 
analysis of two qutrit state is brought into discussion and generalized Werner state is described together 
with separability condition; the action of spontaneous emission channel on two qutrit state is investigated; 
we give Kraus representation for analogous qubit channel and analyze Werner state of two qubits; we 
compare both cases: qutrit and qubit separability behaviuor under influence of spontaneous emission 
and recognize that, depending on channel characteristic, the qutrit systems can preserve entanglement 
longer. 



2 Qutrit state 

The concept of a qubit [3j [4] i.e, a quantum state living in two dimensional Hilbert space is used as a 
basic building block of Quantum Information. Within the framework of atomic physics two-level atom 
is the simplest aphysical realization of a qubit [3]. Qubit and qubit channels have been investigated 



1 



comprehensively [3[ |3] [T2] and generalization to N-dimensional cases involving qudits has been studied 
[131 1141 115j , though less exhaustively. From physical point of view the use of more complex atomic 
structures might be advantageous [TU], therefore three-level atoms, qutrits, might deserve more interest 
and studies. To give their mathematical description, we note that the Bloch formalism of a two-level 
atom is based on the SU(2) generators given by Pauli matrices, as a basis for qubit density operator 

mm- 

P qubit = -(! + &• ct), (1) 

where b is a three dimensional (real) Bloch vector [13] . The mathematical description of a qutrit 
density operator involves in a natural way the SU(3) generators , called the Gell-Mann matrices 

m\M- 

p=i(I + V3n-A), (2) 
where ft is a real eight dimensional generalized Bloch vector. 

Qutrit states belong to three-dimensional complex Hilbert space H.^; pure qutrit states correspond to 
vectors that satisfy [T5] : 

ft ■ ft = 1, ft * ft = ft, (3) 

where (A * B)k = dkim.AiB m , with dkim being a totally symmetric tensor associated with the SU(3) [6]. 
These two conditions define a generalized Bloch sphere for qutrits, in analogy to Bloch qubit sphere. In 
general, pure state can be parameterized as follows (in the atomic basis |1), |2), |3)): 

| *) = sin ~ cos - 1 1) + e^ 12 sin | sin ®- | 2) + e^ 13 cos 1 1 3) . (4) 

■ _ 

Orthogonal states in H^ 3 ' do not correspond to opposite points on S 7 (the seven-dimensional unit sphere 
in TZ S ), but to points of maximum opening angle of =^-. Distribution of points on S 7 that represent 
physical states, the generalized Bloch sphere, is highly nontrivial 5, 6, 17J. 

3 3-level atoms 

We will consider a particular physical realization of a qutrit state, namely 3-level atoms. There are three 
configurations of 3-level atoms [18] - we choose the so called V-configuration in which the only allowed 
transitions |2) — ► |1) and |3) — > |1) are depicted on Fig.l: 




1) 



Figure 1: Transitions allowed in 3-level atom with V-configuration. 



The Bloch vector n can be expressed by atomic populations and dipole transitions: 

m = ^(df + di), n 2 = ^(dj-di), 

n 4 = ^(d* + d 2 ), n 5 = ^l(d*-d 2 ), 

n 6 = ?f(d* 3 +d 3 ), n 7 = &(d* 3 -d 3 ), 

n 3 = ^(l-2p2-P3), n 8 = |(1 -3p 3 ). 

(recall that di : |1) -> |2), d 2 : |1) |3), d 3 : |2) |3>.) 
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Evolution in the presence of spontaneous emission 

Spontaneous emission is a dissipative process, in which the atom is coupled to the electromagnetic 
vacuum. The dissipative evolution of the atomic variables in the presence of spontaneous emission is 
characterized by two Einstein coefficients A\ and A2 that describe the irreversible depopulation from 
excited states. This corresponds to the following Bloch equations with time independent coefficients: 



— n(t) = Mft(0) + m , 

where M. is a (almost) diagonal matrix with only one non-diagonal entry and mo is a translation. 
The solution to this equation is of the form: 

n(t) = r ■n(o) + n (t), 



(5) 



(6) 



r = 
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where no(0 is a translation dependant on time: 



n (t) = 



2s/3 



\ 



i=(3-e- A2 *-2e- Alt ) 





i(l-e-^*) 



(8) 



Hence, density operator representing the state of an atom in presence of spontaneous emission 
is of the form: 

p(t) = - (l + Vs(Tn(0) + n (t)) ■ x) . (9) 



4 Completely positive maps and Kraus representation 

Channel acting on a density operator maps density operators into density operators [31 [T2| [T9]: 

$ : Pin i-» Pout (10) 

It is well known that the channel transformation $ is described by a completely positive 
map (CPM) [12J. The simplest way to describe a channel is by means of an operator-sum 
representation [T9| [20]: 

Pout = ${Pin) = ^fc.iPinfc.j, (11) 



where /Q are Kraus operators that satisfy normalization condition: 



(12) 
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From the Bloch equations, we can calculate the action of spontaneous emission channel (SE 
channel) on the V-atom in terms of the operator-sum representation. In this case the set of 
corresponding Kraus operators is as follows: 



/Co 
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5 Influence of SE channel on state separability 

5.1 Generalized Werner state for two qutrits 

We generalize our discussion to the situation in which we have two qutrits. The generalized 
Werner state describing two qutrits labelled by A and B is of the form [5]: 

Pe = ^ll A ®I B + e\y AB )(V AB \, (14) 
9 

where < e < 1. The state is a convex combination of a maximally mixed state and a pure 
state. The aim is to characterize the values of parameter e for which p e is separable [EJ [9] 
(meaning it can be represented as an ensamble of product states). 
We will consider only Werner states that consist of a specific pure state, namely: 

|tf> = -UlT 4 ) ® \1 B ) + \2 A ) ® \2 B ) + \3 A ) ® |3 B ». (15) 
V3 

To investigate the separability condition on e we follow the discussion given in [5]. Therefore 
we represent density operator p e in the basis of the Gell-Mann matrices {A Q }^ =0 enriched by 
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A = y fl (with triXaXp) = 28 a/3 ): 

Pe = \c al3 \ A ® Xf, c al3 = ^tr{ P X A Af }. (16) 

In this form, the state is characterized by the c Q/ g coefficients (a, (3 G {0, 8}). It turns out 
[5] that the condition for the state to be separable is of the form: 

1 8 

4e= o^2\ c n\ ^ L (17) 

Hence we obtain: 

e<\ (18) 

5.2 SE channel action on qutrits 

Action of the channel $ on p e changes the coefficients: 

$ : c a/3 ^ c a/3 (t), (19) 

Therefore, the condition on the e to produce a separable state becomes time dependant. 
Consider the channel that alters only one subsystem (for instance A): 

2 i 
*i0O = ® lB )Pe(Ki ® J 5 ) 1 = 9^(<)A Q ® A^. (20) 

i=0 



In this case the separability condition is: 

s ( t ) = £ C 2e-\ A ^ + 2e-\ Mt + 2e -|(^+^)* + e -Axt + e -A a A < ]_ (21) 
8 V / 4 

where obviously, for t = we have: 

V(0) = e < i (22) 

The function s q t(t) is shown on Fig® It is clear, that even initially maximally entangled state 
(meaning e = 1) becomes separable eventually. Two qutrit SE channels with various parameters 
A\,Ai are compared. 



s(t) 




Figure 2: The function s qt {t) = § ^2e~5 Alt + 2e~^ Mt + 2e~^ Al+A2 )* + e~ Alt + e~ A2 *) for e = 
1. Region below s = \ corresponds to separable states. 



In the following we shall compare the decoherence of a qutrit with a similar decoherence for 
a qubit. 

5.3 SE channel and Werner state for qubits 

The Kraus representation for spontaneous emission channel for qubits is as follows (A is the 
Einstein coefficient): 



*•=(! e-% )>^V^^(° J)- (23) 
Whereas the Werner state describing two non-interacting qubits is of the form [21] (a, (3 G 
{0,1,2,3},(T = I): 

Pe = ® I S + e|*}(* | = ^da^ffa ® <T/9, (24) 

where: 

|*} = ^(|1}^|2> B + |2> A ®|1> B ). (25) 
The state /9 e is separable when [5j[8]: 

e < \- (26) 
5.4 SE channel altering qubit separability 

In analogy to what has been done before, we consider SE channel altering only one qubit, with 
(two) Kraus operators of the form: )Cf <S> I s . Initial qubit state has the form: 

Pe = ^d al3 a a (g) o> (27) 



Action of the channel changes coefficients of expansion: 

$(p e ) = pS) =Y. K ?® lB P^ K i ® lB ) t = 7<M*K ® ap. 



(28) 



i=l,2 



And the separability condition leads to the inequality: 



e M _ M . f 



«qb(*) = 3( 2e "~ + e ) ^ 3. 



(29) 



with initial condition: s q b(0) = e. 

Function s q b(t) is depicted on Fig\Q Again, it is clear that any state becomes eventually 
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Figure 3: Function s q b(t) = |(2e 2 + e A ') for e = 1. Region below s = ~ corresponds to 
separable states. 



separable. Time in which maximally entangled state becomes separable can be calculated and 
depends on the value of parameter A. 



5.5 Comparison of qubit and qutrit states under the action of SE channels 

Knowing how spontaneous channel acts on both qutrit and qubit states we can compare these 
two cases in order to state whether qutrit or qubit Werner states preserve entanglement longer. 
In Fig. 4 we show the comparison of the SE channel action. Points of intersection of s q t = \ 
and s q f) = |, associated with time needed to reach separability, are crucial to this analysis. The 
proper choice of parameters A,A\,A2 can lead us to the case in which qutrit entanglement is 
stronger or vice versa. The function s q t(t) is symmetric with respect to the change A\ <-> A2, 
the relative value of A parameter (with respect to Ai,Az) in s q f,(t) influences the result of 
qubit-qutrit comparison. 



6 Summary 

We have presented an example of a qutrit state, namely a 3-level atom in the V configuration, 
and its evolution under the action of spontaneous emission channel. Separability of two qutrit 
states is, obviously, influenced by spontaneous emission. This influence is governed by channel 
parameters. As a consequence, Werner qutrit states can preserve entanglement longer than 
Werner qubit states - depending on relative values of qubit and qutrit channel parameters. 
This result might be of some experimental importance when it comes to use of N-level atoms 
and multipartite entanglement. We plan to investigate further examples of qutrit channels and 
their influence on state separability. We aim as well at general description of qutrit channels 
with respect to complete positivity. 
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Figure 4: Comparison of functions s qt {t) = § ^e"^ 1 * + 2e~^ 2 * + 2 e -|( A i+ A 2)* + e -A x t + e -A 2 t 
and s q b(t) = |(2e~~2" + e~ At ) for initial condition e = 1. 
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